General Instructions:

¢ Reading time — 5 minutes

e Working time — 3 hours

Penrith Selective High School

Mathematics Extension 2

e Calculators approved by NESA may be used

e No correction tape or white out to be used

Trial HSC 2019

¢ A reference sheet is provided with this paper
e Use black pen

¢ |[n Questions 11-16, show relevant
mathematical reasoning and/ or calculations
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Numbers Ext1 Motion
Mult. /10
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Q13 /15
Q14 /15
Q15 /15
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Student Number:

Teacher’s Name:




Section | (10 marks)

Attempt Questions 1-10
Allow about 15 minutes for this section

Use the Blue multiple-choice answer sheet for Questions 1-10.

1. Simplify (5 + 2i)? — (3 — 2i)?

A. 44+ ))
B. 8(2+))
C. 16(1 + 2J)
D. 16(1+ )

2. Solve x* + 2x3 — 12x% + 14x — 5 = 0, given that it has a triple root.

A. x=1115

B. x=-1,-1,-1,5
C. x=-1,-1,-1,-5
D. x=111-5

1 x2
3. Evaluate fo 1 dx

-3 —-1In4
A. _
2
-1+ In4
B.
2
—1-Iln4
C.
2
3—-In4
D.
2



. _sin3x cos 3x
4. Simplify — -
sin x cos x
A. 5
B 0
C. 2
D —4

2+it
5. Ifz = T2 and given that t is a real variable. The locus of Z as t varies is given by:

A. A circle centred at (2, 0) and radius 1 unit
B. A circle centred at (0, 0) and radius 1 unit.
C. A circle centred at (0, 0) and radius 2 units.
D. A circle centred at (2, 0) and radius 2 units.

6. Ify = %(ex — e ¥) find x in terms of y.

A. x:ln(y—\/m)
B. x=ln(—y+\/m)
C. x=ln(—y—m)
D. x=ln(y+\/yZT)



. . . X2 v?
7. A point P lies on the ellipse 3 + il 1.
The perpendicular from P meets the directrix at M.

PS
The focus of the ellipse is S. Find the value of the ratio Y,

A Vs
3

B, V3
5

C. Vs
9

D. z
3

8. Find the volume generated when a circle of radius a units is rotated about its vertical tangent.

A. 2m?a’
8m2a3
B.
3
4mas
C.
3
D 41%a3



9. From the digits 0, 1, 2, 3, ......... , 9 two digits are selected without replacement.

If they are both odd digits, what is the probability that their sum is greater than 107?

3
A 2
5
1
B. -
4
2
C z
5
3
D. —
10

10. Find the exact value of fol xe **dx

A. ;e‘z(ez + 1)

B Ze 22— 3)
2

C. e 2(e2 - 1)
4

D Ze 2(e? - 3)
4



Section Il (90 marks)

Attempt Questions 11-16.

Allow about 2 hours and 45 minutes for this section.
Answer each question in the appropriate writing booklet.
Extra writing booklets are available.

Your responses should include relevant mathematical reasoning, working and formulae.

Question 11 (15 marks) marks
9-7i 5

— — inthe form m + ni. 2

a) Express
( ) P 1+1 2+i

(b) If f(x) = V4 — x? then graph neatly on separate number planes:

(Each graph should be approx é of a page showing all important features)

(i) y = f(x) 2
(i) y= > 2
(iii) ¥y = f(x) 2
(iv) ¥ =xf(x) 2

(c) The roots of the cubic equation 2x3 + 4x? — 6x+ 1 =0area,f and y.

Find the equation whose roots are 2a + 1,2 + 1 and 2y + 1. 2

(d) Find the coordinates of the point/s on the curve x? + y? = xy + 3, where the

tangent/s is horizontal. 3



Question 12 (15 marks)

marks
(a) Shade neatly the region on the Argand Diagram represented by
—-2<Im(z) <1 U ?SArng% 2
. . . x2 y2
(b) Given the line y = mx + 5 and the ellipse P + 5= 1.
Find the value/s of m such that the given line is a tangent to the ellipse 3
(c) The region bounded by y = V9 — x?2, the x-axis and the line x = 2 is rotated about
the y~axis.
(i) Using the slices method, show that the volume of a slice is given by
8V = n(5— y?)Sy 2
(ii) Hence find the exact volume of the solid of revolution. 2
Vs
. 2 C0S°X . .
(d) Evaluate the integral fg SinZx dx leaving your answer in exact form. 3
(e) Differentiate the expression tan™! 5x + tan™?! % and hence find the value
of the expression for x < 0. 3



Question 13 (15 marks) marks

(a) The base of a solid is a circle of radius 6 units.

Cross sections of the solid by planes perpendicular to its base are equilateral triangles.
(i) Show that the solid’s volume is given by V = f_66\/§(36 — x?¥)dx. 3

(ii) Hence find the exact volume of this solid. 1

(b) Inaclass of 15 girls, one girl is chosen to be the referee and the other girls play

7 a side soccer. In how many ways can the referee and teams be chosen? 2

(c) Asequence of numbersissuchthatT;=7,T,=29and T, = 7T,+1 — 10T, .

Prove by Mathematical Induction that T,, = 2" 4+ 5" forn > 1. 4

(d) Given that w is a complex cube root of unity,

evaluateexactly 1 + w + w? + w3 + ...+ w100? 2
(e) (i) Express w = —2 + 2v/3 i in mod-arg form. 1
(i) Given that w is a root of w3 — a3 = 0, find the exact value/s of a. 2



Question 14 (15 marks) marks

(a) (i) Find the equation of the tangent at (2t, %) to xy = 2 in general form. 2
(ii) Find the product of the perpendiculars from (2, 2) and (-2, -2) to the tangent. 2
(b) (i) Showthatl, = e —nl,_,ifl, = fle(lnx)” dx forn = 0. 3
(ii) Hence evaluate I5 2
(c) (i) Prove that cos48 = 8cos* 6 — 8cos?6 + 1 2
(ii) Hence solve the equation 16x* — 16x%2 + 1 = 0. 2
(iii) Hence show that the exact value of (cos% + cos i—’;) is \E 2
Question 15 (15 marks) marks

(a) Use the method of cylindrical shells to find the volume of the solid obtained when the
region bounded by y = 4x? — x*,y > 0,x > 0andx < 2is rotated

about the y-axis. 4

(b) A rock of mass 5kg is falling through water.
The resistance of the water gives an upward force of 0.25N and the buoyancy of the
water provides a further upwards force of 6N. Taking g as 10m/s>, find the

acceleration of the rock. 1



(c) A particle is thrown vertically upwards with a velocity of Um/s. It experiences a

resistance which is proportional to mv.

(i) Show that its acceleration is given by X = —g — kv, where kis a

positive constant and g is the acceleration due to gravity.

(i) Find when the particle reaches its maximum height.

(iii) Find the greatest height, H.

(d) Two circles touch externally at A.

A common tangent touches the circles at M and N respectively.

Find the size of ZMAN, giving reasons.

Question 16 (15 marks)

(a) (i) Calculate the area of the ellipse x? + 16y? = 16.
(ii) A solid has the ellipse x? + 16y? = 16 as its base. Cross-sections of the
solid perpendicular to its base and parallel to the y-axis are rectangles of
height 6 units.

(a) Draw this information, clearly showing a typical slice.

(B) Show that the expression for the volume of this slice is given by:

oV = 3vV16 — x2%6x.

(y) Calculate the exact volume of the solid.

10

marks



(b) Oisthe centre of the circle. P is a fixed point on the circumference of the circle.
Q is a variable point on the circle’s circumference.
With OP as a diameter a semi-circle is drawn.

PQ meets this semi-circle at R. Prove that R is always the midpoint of PQ.

(d) A particle of unit mass moves in a straight line against a resistance numerically
equal to v + v3, where v is its velocity. Initially the particle is at the origin and is

travelling with velocity K, where K > 0.

(i) Show that v is related to the displacement x by x = tan™?! (;:{vv)

(i) Show that the time t which has elapsed when the particle is travelling with velocity v,

K?(1+v?)

_— _1
is given by t = zln[v2(1+1<2) .

End of Examination

11
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